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Entire holomorphic curves into projective plane
intersecting few generic algebraic curves
Dinh Tuan HUYNH, Duc-Viet VU and Song-Yan XIE
Abstract
For q ≤ 3 smooth plane algebraic curves Ci having simple normal crossings, if the invariant logarithmic
2-jet differential bundle associated to (P2(C),
∑q
i=1 Ci) has a nonzero section vanishing on some ample
divisor, then, for every algebraically nondegenerate entire holomorphic curve f : C → P2(C), we have a
Second Main Theorem type estimate:
Tf (r) ≤ c
q∑
i=1
N
[1]
f (r, Ci) + o
(
Tf(r)
) ‖,
where Tf (r) and N
[1]
f (r, Ci) stand for the order function and the 1–truncated counting functions in the
Nevanlinna theory, and where the constant c = c(q, di) > 0 can be computed explicitly. In particular,
our result includes the case of 3 conics in P2(C). Moreover, we provide some new results concerning the
algebraic degeneracy of certain complex surfaces, e.g., the complex hyperbolicity of a very generic surface
of degree≥ 15 in P3(C).
Keywords: Nevanlinna Theory, Second Main Theorem, holomorphic curves, algebraically degenerate, invariant
jet differential forms
1 Introduction and main results
In the projective plane P2(C), the logarithmic Kobayashi conjecture stipulates that if C ⊂ P2(C) is a generic
algebraic curve having degree d ≥ 5, then P2(C) \ C should be hyperbolic [18]. Here the hyperbolicity of
P2(C) \ C means that it does not contain the image of any nonconstant holomorphic map f : C→ P2(C). This
conjecture is a natural generalization of the Little Picard Theorem on the hyperbolicity of P1(C) \ {3 points},
and is supported by explicit examples constructed by Zaidenberg [32] (see also [1, 20, 30, 28] for more exam-
ples). For generic hypersurfaces of large degree in P2(C), the logarithmic Kobayashi Conjecture was confirmed
by Siu-Yeung [31]. Later, following the strategy of [10], Elgoul [14] improved the degree bound to 15 for
very generic algebraic curves. Combining with the technique of slanted vector fields introduced by Siu [29],
Rousseau [26] obtained a lower degree bound 14.
In the more tractable case where the curve C = ∪qi=1Ci degenerates into the union of q ≥ 2 generic algebraic
curves Ci of degree di, the hyperbolicity of the complement P2(C) \ C has been established with small degree
bound d =
∑q
i=1 di by the following works. In [2, 16, 12, 3] for the cases (q ≥ 5), (q = 4,
∑4
i=1 di ≥ 5),
(q = 3, di ≥ 2); in [26] for the case q = 2 under the assumption that (d1 = 1, d2 ≥ 11), or (d1 = 2, d2 ≥
8), or (d1 = 3, d2 ≥ 5), or (d1 = 4, d2 ≥ 4). Notably, in the case q ≥ 3, the algebraic degeneracy of
every nonconstant entire holomorphic curve into the complement P2(C) \ C has been established by Noguchi-
Winkelmann-Yamanoi [17] with the mild assumption that
∑q
i=1 di ≥ 4.
Therefore, in the above mentioned circumstances, every algebraically nondegenerate entire holomorphic
curve f : C→ P2(C) must intersect the curve C. In this article, our aim is to quantify these results in the same
way as the classical Nevanlinna theory did for the Little Picard Theorem, more precisely, to establish a Second
Main Theorem type estimate in higher dimensional Nevanlinna theory:
(1.1) Tf (r) ≤ c
q∑
i=1
N
[k]
f (r, Ci) + o
(
Tf (r)
) ‖ .
Here
N [k](r, Ci) :=
∫ r
1
∑
|z|<t
min{k, ordz f∗Ci}dt
t
(i=1, ..., q; r > 1)
1
are the k-truncated counting functions, which measure the frequency of the intersections f(C) ∩ Ci; and
Tf (r) :=
∫ r
1
dt
t
∫
|z|<t
f∗ωFS (r > 1),
is the order function, capturing the growth of the area of the image f({|z| < t}) with respect to the Fubini-
Study metric ωFS, and the standard notation “‖” means that the inequality (1.1) holds true for all positive real
number r > 1 outside an exceptional set having finite Lebesgue measure.
When C has at least 4 irreducible components, such a Second Main Theorem type estimate with truncation
at level 2 has been established by Cartan [6] in the linear case where Ci are lines:
Tf (r) ≤ 1
q − 3
q∑
i=1
N
[2]
f (r, Ci) + o
(
Tf (r)
) ‖ .
Similar results in the collinear case without truncation were given by Eremenko-Sodin [15] and Ru [27]. For
more backgrounds and recent progresses in Nevanlinna theory, one may refer to the book [23] of Noguchi and
Winkelmann.
The problem of establishing (1.1) remains widely open in the case where C has q ≤ 3 components. In [13],
by using the recently developed methods towards the Green-Griffiths conjecture, we provided an answer in the
case q = 1 with the degree bound d ≥ 660.
Set from now on that X = P2(C) and C = ∪qi=1Ci is the union of q ≥ 1 smooth algebraic curves Ci having
simple normal crossings. We will use the first two levels of the logarithmic Demailly-Semple tower
X2
π2,0
  
π2,1

X1
π1,0

(X = P2(C), C)
and focus on the base locus of the negatively twisted logarithmic 2-jet differential forms
(1.2) H0
(
X2,OX2(m)⊗ (π2,0)∗O(−t)
) ∼= H0(X,E2,mT ∗X(log C)⊗O(−t)) (m, t≥ 1),
where the notation E2,m T
∗
X(log C) stands for the bundle of invariant logarithmic 2-jet differential forms of
total degreem, and where OX2(1) is the dual of the tautological line bundle onX2 (c.f. [9, 11]).
Definition 1.1. The 2–jet log threshold of (X, C) is
θ2(X, C) := inf
{
t/m
∣∣m > 0, t ∈ Z, H0(X2,OX2(m)⊗ π∗2,0OX(t)) 6= 0}.
Main Lemma. Let C1, . . . , Cq ⊂ P2(C) be q ≥ 1 smooth algebraic curves of degrees di ≥ 1 having simple
normal crossings. Let d =
∑q
i=1 di be the total degree. If the 2-jet log threshold θ2 := θ2(P
2(C), C) < 0
is negative, then for any positive constant c > max{− 1
θ2
, 1
d−3}, for every algebraically nondegenerate entire
holomorphic curve f : C→ P2(C), the following Second Main Theorem type estimate holds:
Tf (r) ≤ c
q∑
i=1
N
[1]
f (r, Ci) + o
(
Tf (r)
) ‖,
where Tf (r) and N
[1]
f (r, Ci) stand for the order function and the 1–truncated counting functions.
We will provide in Section 3 an estimate of the value θ2, in order to make the above value c effective.
Proposition 1.1. Assume that q, d1 ≤ d2 ≤ · · · ≤ dq, d =
∑q
i=1 di satisfy one of the following conditions:
(q = 1, d = d1 ≥ 11), (q = 2, d1 = 1, d2 ≥ 7), (q = 2, d1 = 2, d2 ≥ 5), (q = 2, d2 ≥ d1 ≥ 3),
(q = 3, d ≥ 5 and (d1, d2, d3) 6= (1, 1, 3)). Then one has the estimate
0 < − 1
θ2
≤ 1
(d− 3)δ ,
where if d2 + 156 d− 315− 54∑i 6=j didj < 0 then δ = 1/3, otherwise δ = 518 −
√
d2+156 d−315−54
∑
i6=j didj
18(d−3) .
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In particular, when q = 3, d1 = d2 = d3 = 2, mild computation yields δ = 2/9. This answers a problem
asked by Julien Duval.
Theorem 1.1. Let C1, C2, C3 ⊂ P2(C) be 3 smooth conics having simple normal crossings. Then, for any
positive constant c > 3/2, for any algebraically nondegenerate holomorphic curve f : C→ P2(C), one has
Tf (r) ≤ c
3∑
i=1
N
[1]
f (r, Ci) + o
(
Tf (r)
) ‖,
where Tf (r) and N
[1]
f (r, Ci) stand for the order function and the 1–truncated counting functions.
By a result of Chen [7], if the total degree d =
∑q
i=1 di is at least 5, then any algebraically degenerate entire
holomorphic curve f : C → P2(C) \ C must be constant. Hence our Main Lemma yields the hyperbolicity of
the complement P2(C)\C in the mentioned situations, which slightly improves the degree bound given in [26].
Theorem 1.2. Under the same numerical assumptions as that of Proposition 1.1, for very generic algebraic
curves Ci, the complement P2(C) \ ∪qi=1Ci is hyperbolic and hyperbolically embedded in P2(C).
Now, we present the main ideas of this paper. First of all, let us recall the following quantitative refinement
of the Fundamental Vanishing Theorem of entire curves (c.f. [9, Corollary 7.9]).
Theorem 1.3 ([13]). Let C = ∑qi=1 Ci be a normal crossings divisor in P2(C). For every logarithmic jet
differential form
ω ∈ H0(P2(C), Ek,mT ∗P2(C)(log C)⊗OP2(C)(−t)) (k,m, t≥ 1),
for any entire holomorphic curve f : C → P2(C) such that ω(f (1), . . . , f (k)) 6≡ 0, one has the following
Second Main Theorem type estimate:
(1.3) Tf (r) ≤ m
t
q∑
i=1
N
[1]
f (r, Ci) +O
(
log Tf (r) + log r
) ‖ .
Consequently, for a given nonconstant entire holomorphic curve f : C → P2(C), our desired estimate
(1.1) could possibly fail only if f satisfies the equations ω
(
f (1), . . . , f (k)
) ≡ 0 for all negatively twisted
logarithmic jet differential forms ω, i.e., recalling (1.2), the lifting f [2] : C → X2 of f along the tower
X2 → X1 → X = P2(C) lies entirely in the common base locus
f [2](C) ⊂ BS :=
⋂
m,t≥1
Bs
∣∣OX2(m)⊗ (π2,0)∗OX(−t)∣∣ ⊂ X2.
It is known that BS always contains the singular part Γ2 of X2, and if OX2(1) is big then
BS = Z ∪ Γ2
for some subvariety Γ2 6= Z ⊂ X2 of codimension ≥ 1 (c.f. [10, p. 534] [14, Lemma 1.3.2]).
In this paper, employing a derivative formula of the volume function on big divisors by Boucksom-Favre-
Jonsson [5, Theorem A], we will show in Section 2 that
Proposition 1.2. If OX2(1) is big, then codimZ ≥ 2.
Now, by the canonical projection π2,1 : X2 → X1 acting on f [2](C) ⊂ Z ⊂ X2, we immediately receive
the algebraic degeneracy of
f [1](C) ⊂ π2,1(Z) ⊂ X1,
because codimπ2,1(Z) ≥ codimZ − (dimX2 − dimX1) ≥ 2− 1 = 1. Hence we are in a position to apply a
result of McQuillan [21] to conclude the Main Lemma.
Lastly, using our technique of controlling base loci, we can improve a result of Demailly-Elgoul [10, p. 3,
Main Theorem] by removing the assumption (c) therein.
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Theorem 1.4. Let S be a smooth compact complex surface of general type, and let θ2 be its 2-jet threshold.
Assume that θ2 < 0 and Pic(S) = Z, then for every nonconstant holomorphic map f : C → S, the lifting
f [1] : C→ S1 = P(TS) is algebraically degenerate.
Consequently, we receive
Theorem 1.5. A very generic surface S in P3(C) of degree d ≥ 15 is complex hyperbolic.
This slightly improves the previous lower degree bound 18 due to Paun [24].
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2 Controlling the base locus BS
Definition 2.1. A logarithmic jet differential form
ω ∈ H0(X2,OX2(m)⊗ π∗2,0OX(t)) (m≥1, t∈Z)
is said to be irreducible if it can not be decomposed as the product ω1 · ω2 for some
ωi ∈ H0
(
X2,OX2(mi)⊗ π∗2,0OX(ti)
) (
(mi,ti) 6=(0,0), i=1, 2
)
.
Remark 2.1. If ω is irreducible, it is known that (c.f. [14, p. 477]) its zero locus has the decomposition
{ω = 0} = Z ∪ Γ2 ⊂ X2,
where Z is irreducible and where Γ2 is the singular part of X2.
Theorem 2.1. If the 2-jet log threshold θ2 6= 0, then for any ǫ > 0, there exist two distinct irreducible
logarithmic jet differential forms
ωi ∈ H0
(
X2,OX2(mi)⊗ π∗2,0OX(ti)
)
(i=1, 2)
having the ratio ti/mi < θ2 + ǫ.
Proof. The existence of one such irreducible jet differential form is clear. Indeed, by the definition of θ2, we
can find some logarithmic jet differential form ω ∈ H0(X2,OX2(m0)⊗π∗2,0OX(t0)) having ratio t0m0 < θ2+ǫ.
Now, decomposing ω into the product of irreducible logarithmic jet differential forms, we see that at least one
of these irreducible factors ω1 ∈ H0(X2,OX2(m1)⊗ π∗2,0OX(t1)) must satisfy t1m1 ≤ tm < θ2 + ǫ.
If θ2 <
t1
m1
, by the same argument, we can find one more irreducible logarithmic jet differential form
ω2 ∈ H0
(
X2,OX2(m2)⊗ π∗2,0OX(t2)
)
having ratio t2
m2
< t1
m1
, whence conclude the proof.
Now, assuming θ2 =
t1
m1
and that for any m˜ ≥ 1, each irreducible logarithmic jet differential form
(2.1) 0 6= ω ∈ H0(X2,OX2(m˜)⊗ π∗2,0OX(t˜)) has ratio t˜/m˜ ≥ θ2 + ǫ,
we will show a contradiction by analyzing the volumes (c.f.[19, Chapter 2]) of the Q-line bundles OX2(1) ⊗
π∗2,0OX(t) for all θ2 < t < θ2 + ǫ.
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First of all, we claim that, for anym ≥ 1, every logarithmic jet differential form
0 6= ω ∈ H0(X2,OX2(m)⊗ π∗2,0OX(t))
having ratio t
m
< θ2 + ǫ must be of the shape ω = ω
ℓ
1 · P , where ℓ ≥ 1 and P is some nonzero logarithmic
jet differential form (could be positively twisted, or be a polynomial in H0(X2, π
∗
2,0OX(t′)) for some t′ ≥ 1).
Indeed, otherwise, recalling the hypothesis (2.1), each irreducible factor φi ∈ H0(X2,OX2(m˜i)⊗π∗2,0OX(t˜i)
)
in the decomposition ω = φ1 · · ·φk must satisfy (m˜i ≥ 1, t˜i/m˜i ≥ θ2+ ǫ) or (m˜i = 0, t˜i ≥ 1), hence the ratio
t
m
= t˜1+···+t˜k
m˜1+···+m˜k
≥ θ2 + ǫ, a contradiction.
Consequently, when t
m
< θ2 + ǫ, we have the factorization
H0
(
X2,OX2(m)⊗ π∗2,0OX(t)
)
= ω1 ·H0
(
X2,OX2(m−m1)⊗ π∗2,0OX(t− t1)
)
.
Using the above formula iteratively, for every ℓ ∈ Z+ such thatm−(ℓ−1)m1 > 0 and that t−(ℓ−1)t1m−(ℓ−1)m1 < θ2+ǫ,
we receive
(2.2) H0
(
X2,OX2(m)⊗ π∗2,0OX(t)
)
= ωℓ1 ·H0
(
X2,OX2(m− ℓm1)⊗ π∗2,0OX(t− ℓt1)
)
.
Without loss of generality, we may assume that θ˜2 := θ2 + ǫ is rational, and we set the Q-line bundles
Lλ := OX2(1)⊗ π∗2,0OX
(
(1− λ)θ2 + λθ˜2
)
(λ∈Q∩ ]0,1[).
For all sufficiently divisible m, taking ℓ = (1− λ)m/m1, t = m((1− λ)θ2 + λθ˜2), recalling t1/m1 = θ2, so
that m− ℓm1 = λm and t− ℓt1 = λmθ˜2, the identity (2.2) yields
H0
(
X2,mLλ
)
= ωℓ1 ·H0
(
X2, λmL1
)
.(2.3)
Thus vol(Lλ) = λ
n vol(L1), where n = dimX2 = 4. Equivalently, for all t ∈ ]θ2, θ˜2[, we have
(2.4) vol
(OX2(1)⊗ π∗2,0OX(t)) =
(
t− θ2
θ˜2 − θ2
)n
vol(L1).
Claim. For every rational number t0 ∈]θ2, θ˜2[, the Q-line bundle OX2(1)⊗ π∗2,0OX(t0) is big.
Indeed, by the definition of θ2, we can find some t
′
0 < t0 such that theQ-line bundle OX2(1)⊗π∗2,0OX(t′0)
is effective. Also, for every t′′0 ≫ 1 large enough, OX2(1)⊗π∗2,0OX(t′′0) is big. Since t0 ∈]t′0, t′′0[, we can write
t0 = (1− λ)t′0 + λt′′0 for some λ ∈]0, 1[, so that we can decompose the Q-divisor
[OX2(1)⊗ π∗2,0OX(t0)] = (1− λ) [OX2(1)⊗ π∗2,0OX(t′0)]︸ ︷︷ ︸
effective
+ λ [OX2(1) ⊗ π∗2,0OX(t′′0)]︸ ︷︷ ︸
big
.
Recalling the fact that “effective + big = big”, we conclude the claim.
Now, using the differentiability of the volume functions on big divisors ([5]), for all t0 ∈]θ2, θ˜2[, we have
(2.5)
∂
∂t
∣∣∣∣
t=t0
vol
(OX2(1)⊗ π∗2,0OX(t)) = n 〈OX2(1) ⊗ π∗2,0OX(t0)〉3 · 〈π∗2,0OX(1)〉.
Recalling the intersection number identity
(2.6) 〈OX2(1)〉3 · 〈π∗2,0OX(1)〉 = 0 (c.f. [14, p. 478]),
the right hand side of (2.5) is a polynomial of the variable t0 having the constant term 0. However, the differ-
ential of the right hand side of (2.4) at t = t0 is the polynomial
n
(
t0 − θ2
θ˜2 − θ2
)n−1
vol(L1)
having nonzero constant term with respect to the variable t0, which is absurd.
Consequently, when OX2(1) is big, then θ2 < 0, therefore we can find two distinct irreducible negatively
twisted invariant logarithmic 2-jet differential forms, whence Proposition 1.2 follows.
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3 Estimation of the 2-jet log threshold θ2
Under the numerical conditions given in Proposition 1.1, we are seeking some nonzero logarithmic jet differ-
ential forms with high vanishing order, namely some global sections of the twisted vector bundle
E2,mT
∗
P2(C)(log C)⊗OP2(C)(1)−δ(d−3)m ∼= E2,mT ∗P2(C)(log C)⊗K
−δm
P2(C),
where KP2(C) = KP2(C) ⊗OP2(C)(C).
We follow the arguments in [10, 14, 24]. By Bogomolov’s vanishing Theorem [4], we have
dim H0
(
P2(C), E2,mT
∗
P2(C)(log C)⊗K
−δm
P2(C)
) ≥ χ(E2,mT ∗P2(C)(log C)⊗K−δmP2(C))
for m ≫ 1. Hence the problem reduces to estimating the asymptotic growth of the Euler characteristic of
E2,mT
∗
P2(C)(log C)⊗K
−δm
P2(C). Using the filtration
E2,mT
∗
P2(C)(log C)⊗K
−δm
P2(C) =
⊕
a+3b=m
Γ(a+b−δ, b−δ)T ∗P2(C)(log C) (c.f. [14, p. 474]),
where Γ is the Schur functor, by the same argument as [24, Lemma 4.1], for every 0 ≤ δ < 1/3, we have the
asymptotic growth estimate
(3.1) dim H0
(
P2(C), E2,mT
∗
P2(C)(log C)⊗K
−δm
P2(C)
) ≥ ǫm4((18δ2 − 10δ + 13/3)c¯21 − 3c¯2)+O(m3),
where c¯21 = (d− 3)2, c¯2 = d2− 3 d+3−
∑
i 6=j didj are logarithmic Chern numbers, and where ǫ > 0 is some
positive constant. Now, we check the positivity of the quadratic leading coefficient
ϕ(δ) := (18δ2 − 10δ + 13/3)c¯21 − 3c¯2
with respect to the variable δ. If 54 c¯2 − 53 c¯21 = d2 + 156 d − 315 − 54
∑
i 6=j didj < 0, then ϕ > 0 is strictly
positive for all 0 ≤ δ < 1/3. If not, then under the numerical conditions in Proposition 1.1, ϕ has two positive
roots
δ1 =
5 c¯21 − |c¯1|
√
54 c¯2 − 53 c¯21
18 c¯21
=
5
18
−
√
d2 + 156 d− 315− 54
∑
i6=j didj
18(d − 3)
> 0;
δ2 =
5 c¯21 + |c¯1|
√
54 c¯2 − 53 c¯21
18 c¯21
=
5
18
+
√
d2 + 156 d− 315− 54
∑
i6=j didj
18(d − 3)
> 0.
Hence ϕ(δ) > 0 for all δ ∈]0, δ1[, which concludes the proof of Proposition 1.1.
4 Proof of the Main Lemma
For a fixed positive constant c > max{− 1
θ2
, 1
d−3}, we can choose ǫ > 0 small enough so that θ2 + ǫ < −1/c.
Now, applying Theorem 2.1, we can find two distinct irreducible logarithmic jet differential forms
ωi ∈ H0
(
X2,OX2(mi)⊗ π∗2,0OX(ti)
)
(i=1, 2)
having ratios ti
mi
< θ2 + ǫ < −1/c. Now, for a given nonconstant entire curve f : C → P2(C), if at least one
ωi(f
(1), f (2)) 6≡ 0, then we can apply Theorem 1.3 to finish the proof. Otherwise, if both ω1(f (1), f (2)) ≡ 0
and ω2(f
(1), f (2)) ≡ 0 vanish, then the lifting of f along the logarithmic Demailly-Semple tower
X2
π2,1

X1
π1,0

C
f [2]
✝
✝
✝
✝
✝
✝
✝
✝
CC
✝
✝
✝
✝
✝
✝
✝
✝
f [1]
t
t
t
t
::
t
t
t
t
f // X := P2(C)
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must lie in the common locus
f [2](C) ⊂ {ω1 = 0} ∩ {ω2 = 0} ⊂ X2.
Recalling Remark 2.1, the base locus {ω1 = 0} = Z1∪Γ2 and {ω2 = 0} = Z2∪Γ2 for two distinct irreducible
codimension-1 subvarieties Z1, Z2 ⊂ X2, hence
{ω1 = 0} ∩ {ω2 = 0} = (Z1 ∩ Z2) ∪ Γ2.
Since f [2](C) cannot entirely lie in the singular locus Γ2, it has to be contained in Z1 ∩ Z2 ⊂ X2, whose
codimenison is ≥ 2. Therefore, the image of the lifting f [1](C) ⊂ X1 is not Zariski dense, whence we
conclude the proof thanks to the work of McQuillan [21] on foliations of surfaces (see also [25, 14, 26]).
Theorem 4.1. Let C =∑qi=1 Ci be a normal crossings divisor in P2(C), where Ci are smooth algebraic curves
of degrees di with d =
∑q
i=1 di ≥ 4. Let f : C→ P2(C) be an algebraically nondegenerate entire holomorphic
curve. If the lifting f [1] : C → X1 = PTP2(C)(− log C) is algebraically degenerate, then the following Second
Main Theorem type estimate holds:
(d− 3)Tf (r) ≤ N [1]f (r, C) + o
(
Tf (r)
) ‖ .
5 Proof of Theorem 1.4
We claim that, there exist two distinct irreducible negatively twisted jet differential forms ω1, ω2. Indeed, the
proof goes almost the same as that of Theorem 2.1, only replacing the identity (2.6) by the parallel version
“u32 · F = 0” given in [10, Lemma 3.3 (e)].
Then, for every nonconstant entire curve f : C → S, the fundamental vanishing theorem of entire curves
yields ω1(f
(1), f (2)) ≡ 0 and ω2(f (1), f (2)) ≡ 0. Therefore, the lifting f [2](C) along the Demailly-Semple
tower must lie in a codimension-2 subvariety contained in the common base locus of ω1 and ω2, and hence the
image of the lifting f [1](C) is not Zariski dense.
Proof of Theorem 1.5. It it shown in [10, Theorem 3.2] that, if d ≥ 15, then every smooth surface S has
negative 2-jet threshold θ2 < 0. Also, for a very generic choice of S, Noether-Lefschetz Theorem guarantees
Pic(S) = Z. Thus, for every nonconstant holomorphic map f : C → S, Theorem 1.4 yields that the image of
the lifting f [1](C) ⊂ S1 is algebraically degenerate. Now, applying the result of McQuillan [21], we receive the
algebraic degeneracy of f(C) ⊂ S. Lastly, the hyperbolicity of S follows from a result of Clemens [8] saying
that a generic surface in P3(C) of degree d ≥ 5 contains no rational or elliptic curve.
6 An open problem
To finish, let us mention that it remains an open problem of finding a Second Main Theorem in presence of two
lines and one conic (or one cubic), since it is not clear at the moment whether the corresponding θ2 < 0 or not.
Problem. Let {Ci}1≤i≤3 be a generic family of two lines and one conic (or one cubic) in P2(C). Let f : C →
P2(C) be an entire holomorphic curve. If f is algebraically nondegenerate, then can one find an explicit
positive constant c such that
Tf (r) ≤ c
3∑
i=1
N
[1]
f (r, Ci) + o
(
Tf (r)
) ‖,
where Tf (r) and N
[1]
f (r, Ci) stand for the order function and the 1–truncated counting functions?
In fact, in the case of two lines and one conic (resp. one cubic), we might have to use negatively twisted
invariant logarithimic 3-jet (resp. 4-jet) differential forms, which are known to exist (c.f. [22]).
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